We investigate magnetic Feshbach resonances in two different ultracold K-Rb mixtures. Information on the 39 K-87 Rb isotopic pair is combined with novel and pre-existing observations of resonance patterns for 40 K-87 Rb. Interisotope resonance spectroscopy improves significantly our near-threshold model for scattering and bound-state calculations. Our analysis determines the number of bound states in singlet/triplet potentials and establishes precisely near threshold parameters for all K-Rb pairs of interest for experiments with both atoms and molecules. In addition, the model verifies the validity of the Born-Oppenheimer approximation at the present level of accuracy.
I. INTRODUCTION
Magnetic Feshbach resonances [1, 2] represent a unique tool for manipulating atomic quantum gases: they allow one to explore new regimes of strong interaction by modifying the collisional properties in Bose gases [3] , Fermi gases [4] and mixtures [5, 6, 7] ; they also enable the production of ultracold weakly-bound molecules by means of magnetic field sweeps across resonance both in homonuclear [8] and heteronuclear [9] systems. Moreover, the tight constraints set by Feshbach spectroscopy on the position of molecular energy levels closest to dissociation [10, 11] can lead to a very accurate determination of long range interaction potentials and scattering properties of the atomic system of interest.
A system that has attracted considerable interest is K-Rb: in fact this mixture has several isotopic pairs that are easy to bring into ultracold and quantum degenerate regimes [12, 13, 14, 15] , the main isotopic combinations present several accessible Feshbach resonances [16, 17, 18] , and the ground state dimer has a relatively large electric dipole moment [19] . Knowledge of molecular KRb potentials is crucial for studying quantitatively most phenomena in this system: on one side scattering lengths and dispersion coefficients are relevant for characterizing atomic collisions and weakly bound dimers. On the other side the short range potential well must be determined in order to perform experiments with deeply bound molecules. The molecular potentials of KRb have been so far constructed using different experimental inputs: Fourier transform spectroscopy and photoassociation techniques, reported most recently in Refs. [20, 21] , lead to a detailed knowledge of the short range potential behavior; Feshbach spectroscopy of the 40 K-87 Rb fermion-boson mixture [16, 17, 18] has allowed the long range parameters of the system to be determined very precisely.
In this work we combine for the first time Feshbach spectroscopy on two different isotopic pairs of K-Rb and show that this significantly improves the threshold model precision. Moreover, the number of bound states supported by the interaction potentials is univocally fixed, in agreement with the recent values derived from molecular spectroscopy [21, 22] . We can therefore use the model for different isotopes without being limited by typical few bound states uncertainties [16, 23] . Finally, availability of accurate interisotope data allows us to test possible deviations from the Born-Oppenheimer approximation.
The paper is organized as follows: section II presents the experimental procedure used to produce an ultracold sample and to detect magnetic Feshbach resonances and zero crossings (i.e. the field locations of vanishing scattering length). Section III introduces the theoretical model and is devoted to data and error analysis; near threshold molecular levels for selected K-Rb isotopic pairs are also presented. A brief conclusive discussion ends this work.
II. EXPERIMENTAL METHODS
In our experimental apparatus we have investigated both the fermion boson 40 K-87 Rb and the boson boson 39 K-87 Rb mixture. With respect to the techniques for the realization and for Feshbach spectroscopy of the former mixture we refer to [16] , while we will focus here on the experimental procedure concerning the 39 K-87 Rb mixture. The apparatus and techniques we used are similar to the ones we developed for the other isotopomer [16] , and have already been presented elsewhere [14] . In summary, we start by preparing a mixture of 39 K and 87 Rb atoms in a magneto-optical trap at temperatures of the order of few 100 µK. We simultaneously load the two species in a magnetic potential in their stretched Zeeman states |f a = 2, m f a = 2 and |f b = 2, m f b = 2 , and perform 25 s of selective evaporation of rubidium on the hyperfine transition at 6.834 GHz. Potassium is sympathetically cooled through interspecies collisions [15] . When the binary gas temperature is around 800 nK we transfer the mixture in an optical potential. This is created by two focused laser beams at a wavelength λ=1030 nm with beam waists of about 100 µm, crossing in the horizontal plane.
In this work we have studied the ground state manifold f a,b =1 of the 39 K-87 Rb system. In general, Feshbach resonances can occur in several mixtures of Zeeman sublevels; however, not all of these are stable against spinexchange inelastic processes. Such processes conserve the projection of the hyperfine angular momentum in the direction of the magnetic field, m f = m f a + m f b and the orbital angular momentum ℓ of the atoms about their center of mass. If states having internal energy lower than the initial one and the same value of m f exist, the system will in general undergo rapid spin-exchange decay.
In Fig.1 the energies of different combinations of Zeeman states identified by the value of m f are shown, and the stability region of every mixture is marked with a solid line. As convention, the first state refers to potassium and the second one to rubidium. We have investigated the combinations |1, 1 + |1, 1 and |1, 0 + |1, 1 , that are always stable, and |1, −1 + |1, −1 in its stability region. The atoms are initially prepared in |1, 1 by two consecutive adiabatic rapid passages over the hyperfine transitions around 485 MHz for 39 K and 6857 MHz for 87 Rb, in a 10 G homogeneous magnetic field. The transfer efficiency is typically better than 90 percent and the non transferred atoms are removed by means of a few microsecond blast of resonant light. Both species are transferred from |1, 1 to |1, −1 state by applying a radio frequency sweep about 7.6 MHz at a 10 G field. For transferring potassium atoms from the |1, 1 to the |1, 0 state we ramp the magnetic field up to 38.5 G, where the Zeeman splitting of potassium and rubidium already differ by some MHz, and apply a radio frequency sweep around 28.5 MHz. Once the desired mixture is prepared we change the external magnetic field in few tens of ms and actively stabilize it to any value below 1000 G, with a short term stability of ∼ 30 mG and a long term one (day to day) better than 100 mG. We calibrate the field by means of microwave and radio frequency spectroscopy on two different hyperfine transitions of Rb.
Heteronuclear Feshbach resonances are detected as an enhancement of three-body losses. In fact, the s-wave scattering length in the vicinity of a resonance varies according to the dispersive behavior
where a bg is the background scattering length, ∆ is the width of the resonance, defined as the distance between the zero crossing and the resonance center B 0 . As the scattering length a(B) diverges three body inelastic rates are enhanced [24] resulting in atom loss from the trap and heating. We have at first searched several of the broadest resonances theoretically predicted by the model of Ref. [16] , which employed however a number of singlet bound states two units smaller than the correct one (see below); experimentally, all of them were found within a few Gauss from the predicted positions. In general, the experimental location of broader resonances is affected by larger uncertainties: consequently, narrow features are crucial to improve the model precision as their position can be determined with high accuracy. For an accurate detection of such weak features, as for example the resonances near 248 G in the |1, 1 +|1, 1 mixture or the one at 674 G in |1, 0 +|1, 1 collisions (see Tab. I) we have performed further studies at lower temperatures (250-350 nK) and higher densities.
Obtention of such conditions is crucial in particular for revealing p-wave resonances, whose complex structure [25] can be easily masked by thermal effects. The mixture is cooled by reducing the trap depth in 2.4 seconds with an exponential ramp. The optical potential is designed in such a way to force evaporation of rubidium along the vertical direction, while potassium is sympa-thetically cooled without significant atom losses. As al- ready remarked for p-wave scattering between fermions [25] and more recently in a 40 K-87 Rb fermion boson mixture [7] , a doublet splitting represents direct evidence of the p-wave character of such resonances: this feature arises from spin-spin and second order spin-orbit interactions, as we will discuss later. The typical doublet structure has been observed for two p-wave resonances at 277.5 G (see Fig. 2 ) and 495.5 G.
The location of the zero crossing associated to broad Feshbach resonances has been determined both in the Fermi Bose and Bose Bose mixtures by recording the efficiency of sympathetic cooling of potassium as a function of the magnetic field applied during the evaporation in the optical potential, see [6] . In fact, in the ultracold regime the total elastic cross section vanishes with the s-wave scattering length resulting in a strongly reduced sympathetic cooling rate. For this kind of analysis we lower the beam intensities of the optical trap and after 2.4 s of forced evaporation we measure the temperature of the potassium cloud as a function of the external magnetic field. As shown in Fig. 3 , the position of the zero crossing appears then as a sharp peak in the potassium temperature.
The are from Ref. [16] .
III. THEORETICAL ANALYSIS
The main features of our theoretical model have already been described in Ref. [16] . At variance with our previous work we adopt here the spectroscopic singlet 1 Σ + potential of Amiot [26] . This potential supports the correct number N b S (40-87)= 100 of rotationless vibrational levels (see below) whereas the formerly used Rousseau's ab-initio potential energy curve [27] only has 98. This difference is immaterial as far as one is concerned with the study of a single isotope but it would be responsible for systematic errors when properties of other pairs are calculated.
The singlet potential energy curve is obtained at regular internuclear distances using the near-dissociation coefficients of [26] and the RKR1 code [28] . The triplet ab-initio potential 3 Σ + of Rousseau provides the correct number N b T (40-87)= 32 of rotationless vibrational levels (see below) and is retained for our analysis. We have now sufficient experimental information to determine both leading long-range coefficients C 6 and C 8 independently of ab-initio calculations. The model is also parameterized in terms of s-wave singlet-triplet scattering lengths a S,T of the Fermi Bose mixed system and includes relativistic spin-spin and second-order spin order corrections [29] .
Our dataset comprises resonances observed in two isotopic mixtures. The 40 K-87 Rb fermion boson sys- tem is now well characterized and theoretically understood [16, 18] . For the 39 K-87 Rb boson boson pair, the former theoretical predictions of Ref. [16] is in good agreement with the present observations. This circumstance is in itself sufficient to conclude that the N [21] and ab-initio potentials [30] . After this preliminary characterization of the interaction potentials, we proceed to fine-tune the potential shape in order to reproduce the present experimental spectra. The presence of narrow resonances in our data is crucial to improve the parameters precision, as their position can be determined experimentally more accurately [31] .
It has been recently remarked in Ref. [21] that the splitting observed in the 40 K-87 Rb mixture [7] between ℓ = 1 resonances with different projections m = 0 and |m| = 1 of ℓ along the magnetic field cannot be accounted for by electron spin-spin interactions only. Comparison of two ℓ = 1 doublet features of the boson boson system (see Tab. II and Fig. 2 ) with theoretical calculations confirms this observation. In particular, the spin-spin induced splitting of the doublet at 495 G is found theoretically to be of ∼900 mG versus an observed value of ∼500 mG. Within the present resolution this discrepancy might be sufficient to bias our analysis. Hence, we perform a preliminary χ 2 minimization only based on s-wave resonances, which are virtually unaffected by spin interactions. Next, we introduce a phenomenological second order spin-orbit operator of the form [29] V so (R) = Cα
where α is the fine-structure constant, S is the total electrons spin and z is taken along the internuclear axis. We assign to the parameters β and R S the arbitrary yet reasonable values 0.085a
0 and 10a 0 whereas the strength C is fixed to 1.910
−3 E h in order to reproduce the observed doublet separations. We perform a final optimization including all ℓ > 0 features for both isotopes. Result of the fit is : 
The reduced chi-square (i.e. the χ 2 per degree of freedom) isχ 2 = 0.84 and the maximum discrepancy with the empirical data is less than two standard deviations. Note that the positions of ℓ = 2 features, which are also shifted by spin interactions, are well reproduced thus conferming the quality of our analysis. Our a S,T fully agree with the determination of Ref. [16] . The van der Waals coefficient C 6 is consistent to about one standard deviation with the value 4274(13)a 6 0 E h given by Derevianko et al. [32] while C 8 deviates by two standard deviations from the result 4.93(6)a 8 0 E h of Ref. [33] . The detailed shape of the potential well usually gives unimportant corrections to cold collision observables to the extent that the scattering lengths and the long-range parameters (3) are kept fixed, see [34] . However, sample calculations with modified inner potentials show that to the current level of precision such corrections are not fully negligible, and could be approximately accounted for by multiplying by an extra factor of two the standard deviations in Eq. (3). With this proviso, in the following we provide error bars as obtained from our current model that is thereby supposed to give a sufficiently accurate description of the short range dynamics.
One should note that the potential parameters are statistically correlated. For instance, if C 6 and C 8 were kept constant the position of a given experimental feature could be approximately obtained by increasing a S (i.e. by making the 1 Σ less binding) and concurrently decreasing a T (i.e. by making the 3 Σ more binding). As all parameters are left to vary correlations become more complex and can be summarized for a linearized model in the symmetric covariance matrix: 
The C matrix has been used to compute error bars on the theoretical resonance positions (second column in Tabs. I,II) using standard error propagation whereas neglect of correlations might lead to grossly overestimated uncertainties. Our improved model is now used to determine the evolution of molecular levels near dissociation, taking advantage of the profound relation between near-threshold bound states and scattering properties, see e.g. [34] . We first focus on the boson boson system for the experimentally relevant case of ℓ = 0 molecules that can be magnetically associated starting from atoms in the lowest Zeeman sublevel |11 + |11 . Levels closest to dissociation are usually strongly affected by hyperfine interactions. This is especially the case when a S and a T have similar values since the splitting between singlet and triplet vibrational levels is then small and the corresponding quantum states are efficiently mixed by hyperfine couplings. Focusing on weak magnetic fields, in this situation the diatomic is characterized by Hund's case (e) quantum numbers (f a , f b , f ) where the total hyperfine spin vector f = f a + f b is nearly exactly conserved. As levels become more strongly bound the spin-exchange interaction first causes decoupling of electron s a and nuclear ı a spin on the atom which has a smaller hyperfine coupling, potassium in the present case. The hyperfine angular momentum of rubidium f b then recouples with s a because of spin-exchange forces to form a new vector quantity which we denote here as t = s a + f b . Finally, the relatively weak potassium hyperfine interaction forces t and ı a to form the total hyperfine angular momentum f = t + ı a . In this situation, the molecule is represented by {tf b f } quantum numbers. Note that we have associated different brackets to different Hund's cases in order to help to identify them. Molecular levels for ℓ = 0 molecules in the boson boson system are presented in Fig. 4 . The bound level at −0.2 Ghz running parallel to the energy of the separated atoms is associated to background scattering. That is, its position would correspond to single channel scattering with the same background scattering length and longrange coefficients. This is the only level characterized by Hund's case (e) quantum numbers (1, 1, 2) . The five levels below, four of which experimentally observed as resonances are all described by the intermediate {tf b f } quantum numbers, see Tab. I. One should note that near a resonance the molecular closed state channel mixes with the open background channel [35] . The size of the region where this happens can be estimated as [35] 
where µ is the reduced mass and
is the magnetic moment of the molecule relative to that of the separated atoms. Using the parameters in Tab. I one can easily check that 39 K-87 Rb resonances are essentially closed-channel dominated as according to Eq. (5) mixing with the open channel is small over most of the magnetic width ∆. In this situation, near-resonance effective models should involve at least on two channels characterized by the parameters of Tab. I, see [35] .
We now discuss the fermion boson system. As the hyperfine splitting of 40 K is larger than the one of 39 K and a S and a T have in this case similar values, all resonances reported in Tab. II belong to Hund's case (e). That is, the exchange interaction is not strong enough to decouple nuclear and electron spin of either atom. Molecular levels for the Fermi Bose system are shown in Fig. 5 , see also Ref. [18] for similar results. Approximate values of quantum numbers are found in Tab. II. Finally, using the parameters of Tab. II and Eq. (5) So far in our procedure we have used the same interatomic potential for the two isotopes thus assuming validity of the Born-Oppenheimer approximation. In order to quantify possible breakdown effects [36] we fit our data by varying independently the short range potential for the two isotopes. Result of the fit is then (6) corresponding to χ 2 = 0.93, a slightly larger value than the one found above due to the diminished number of degrees of freedom. Note that these best fit parameters are fully consistent with the values obtained assuming mass scaling. We also remark that theoretical resonance positions do not show any preferential, positive or negative shift with respect to the experimental ones. We can conclude that even at the present level of precision no evidence is found for breakdown of the Born-Oppenheimer approximation. Mass-scaling can then be used for predicting properties of other isotopes. In particular, the a S,T along with the long-range coefficients determined in this work are sufficient in order to predict all relevant threshold properties of any K-Rb pair.
The s-wave singlet and triplet scattering lengths are shown in Tab. III for all isotopic combinations. Both a S and a T are consistent with our previous determination [16] if one corrects for the different number of bound states supported by the singlet potential, as specified in that work. Our values are consistent with the results of Pashov et al. [21] if one assumes for that work the same error bars of Ref. [16] .
We also predict with high precision the value of the s-wave scattering length a for the absolute ground state, see Tab. IV. For two especially interesting pairs discussed in Ref. [16] , the position of magnetic Feshbach resonances is recalculated with the current parameters [37] . Positions are slightly shifted with respect to the ones of [16] because of the different number of bound states in the singlet potential. They seem consistent with the plots shown in Ref. [18] which does not otherwise provide numerical values to compare with. We refer the reader to Ref. [16] for a discussion of possible applications of resonances in these specific K-Rb isotopic systems.
Finally, we present in Figs. 6 and 7 near thresholdmolecular potentials for the two pairs. One may note a level very close to dissociation associated to background scattering for both isotopic combinations, corresponding to a large positive a bg . Avoided crossings of such bakground level with magnetic field dependent molecular levels give rise to strong resonance shifts that can given a simple analytic expression in terms of a bg , C 6 and ∆ [35] . For instance, the resonance at 39 G in Fig. 7 arises from the molecular level occurring at zero field near -0.25 GHz.
Again, using the parameters of Tab. IV one can see that both isotopic combinations present both broad open channel dominated resonances, which can be modelled theoretically by a single effective channel, and narrow closed channel dominated ones. Availability of such a broad range of properties should pave the way to the exploration of different quantum regimes in ultracold binary gases. Our data also provide a needed piece of information for the calculation of Franck-Condon overlap matrix with electronically excited states and for implementing efficient transfer scheme to low vibrational levels using Feshbach molecules as a bridge. 
IV. CONCLUSIONS AND OUTLOOK
In conclusion, we have performed extensive Feshbach spectroscopy of an ultracold 39 K-87 Rb mixture. Combination of new spectroscopic measurements on this system with data relative to the Fermi Bose 40 K-87 Rb system has allowed us to improve significantly the accuracy of our model. Interisotope analysis determines near-threshold parameters with better precision and fixes the number of bound levels supported by the interaction potentials. To the present level of precision no evidence for breakdown of the Born-Oppenheimer approximation has been found. Therefore, we have determined by a straightforward mass scaling procedure different scattering properties for all KRb isotopic mixtures. The present results combined with information on short range potentials is of crucial importance in order to determine the most convenient strategy for association of weakly bound molecules and their optical transfer into deeper bound states.
